The Gardner and van Genuchten models of relative perme- lutions. In this paper, we introduce generalized conversion formulae that rec-8 oncile these two models. In general, we find that the Gardner parameter α G 9 is related to the van Genuchten parameters α vG and n by α G /α vG ≈ 1.3 n.
Introduction
Unsaturated flow in porous media can mathematically be described by Richards' equa-
numerical models are the tools of choice.
23
One major difference between analytical and numerical approaches is in the descriptions 24 of the constitutive relationship between relative permeability (k r ) and matric potential 25 (ψ). Many analytical solutions depend on a quasilinearization of equation (1) using a sim-
26
ple exponential k r -ψ relationship first introduced by Gardner [1958] , whereas numerical 27 solutions typically utilize more flexible relations such as those of Brooks and Corey [1964] 28 and van Genuchten [1980] . Because of these and other differences (e.g., in the definitions 29 of initial and boundary conditions), it is usually difficult to achieve a perfect agreement 30 between analytical solutions and their numerical simulation counterparts.
31
One approach to reconciling analytical and numerical solutions is to seek correspon-
32
dence between the parameters of their respective constitutive relations. The objective of 33 this paper is to introduce generalized conversion formulae between the parameters of the Gardner and van Genuchten functions, which provide excellent matches in the hydrologi-35 cally significant moisture regime.
36

Theoretical Considerations
Using the Kirchhoff integral transformation
38 the Richards equation (1) 
where α G is a constant sorptive number (a measure of the pore-size distribution of the 50 medium) and ψ b is air-entry pressure (a function of the largest pore size).
51
Quasi-linearization of the flow equation ( [van Genuchten, 1980; Mualem, 1976] 59
where
] is a parameter related to the modal pore size, n is a function of the spread 63 of pore-size distribution, and m = 1 − 1/n. The effective saturation (Θ) is defined as a 64 function of volumetric water content θ, satiated water content (θ s ), and residual water
67
Typically, van Genuchten parameters are obtained by fitting equation (6) to empirical 68 Θ-ψ data that are less difficult to measure than k r -ψ data.
69
Several methods for translating the van Genuchten parameters to Gardner parameters
70
(and vice versa), have been proposed [e.g., Birkholzer et al., 1999; Furman and Warrick , 71 2005; Morel-Seytoux et al., 1996; Rucker et al., 2005] . [Morel-Seytoux et al., 1996] 85
86
The H c of the Gardner and van Genuchten functions are obtained by substituting equa-87 tions (5) and (7) in equation (9) The latter is a polynomial fit to numerical evaluation of equation (9) Note that the capillary-drive based conversion approach attempts to match the Gard- 
Capillary-Length Approach
110
The capillary-length approach partly alleviates the problems of the capillary-drive ap-
111
proach by restricting the range of matric potential over which matching is sought. Capil-112 lary length is defined as [Philip, 1985; Warrick , 1995] 113
114
The capillary-length approach can be conditioned to give an excellent match between the 115 two functions by limiting the range of capillary pressure (ψ dry ≤ ψ ≤ ψ wet ) and relative 116 permeability (k dry ≤ k r ≤ k wet ) to the problem at hand. However, because the capillary 117 length for the van Genuchten function has to be evaluated numerically over the problem-specific range, its application can be cumbersome. Specifically, the approach is not suitable when exploring the implications of Gardner-function based analytical solutions using the 120 equivalent van Genuchten parameters. 
Proposed Conversion Formulae
The Gardner [1958] relative permeability function can be uniquely defined using two
122
(ψ, k r ) points. The main task of this paper is to define two characteristic ψ values at 123 which the Gardner [1958] and van Genuchten [1980] should be matched, thereby enabling 124 derivation of algebraic conversion equations.
125
The Gardner and van Genuchten k r -ψ curves are schematically shown in Figure 1a . On 126 a semi-log chart, the Gardner model is represented by two straight segments intersecting Figure 1a ). On the wet side of the intersection, k r = 1; 128 whereas on the dry side, k r is on a decreasing straight segment of slope α G . In contrast, After substituting equation (6) in equation (15) and performing elementary algebraic 148 manipulations, we arrive at
150
Note that the denominator of equation (15) has real values only for m > 0.5 (n > 2); 151 hence, the air-entry pressure of van Genuchten k r -ψ function exists only within this range.
152
The implications of this limit will be further examined at the end of this section. the Gardner k r -ψ function on a semi-log chart is expressed by
175
Substituting equation (7) in equation (18) and carrying out algebraic manipulation gives 
Equation (20) provides a concise conversion formula that can also be extrapolated to 
Illustrative Examples
In this section, we test the validity of the concise conversion equations (20) and (21).
192
Recall that the van Genuchten and Gardner k r -ψ functions (as used in this paper) are soil. The van Genuchten parameters of these media were obtained by fitting equation
198
(6) to the measured Θ-ψ data. Corresponding Gardner parameters were calculated using 199 three different approaches. The first approach is direct fitting of equation (5) is the number of data points. In addition, Gardner parameters were estimated based on the corresponding van Genuchten parameters, using the capillary-drive approach (equations 206 12 and 13) and the conversion formulae introduced in this paper (equations 20 and 21).
207
The predicted van Genuchten and Gardner k r -ψ curves, along with the measured data, of 208 all the example porous media are shown in Figure 4 , and a summary of the van Genuchten
209
and Gardner parameters is given in Table 1 . From Figure 4 , it is apparent that the 210 predicted Gardner curves based on the formulae introduced in this paper are, in most 211 cases, comparable to or better than the van Genuchten curves. In contrast, the Gardner 
214
For the porous media with n < 2, both the van Genuchten and Gardner models fail to Figure 4) were not used in fitting the Gardner equation to the measured data.
223
As an objective measure of the goodness of fit, the Gardner parameters calculated using 224 the formulae proposed herein and the effective capillary drive approach were compared 225 with the fitted parameters. In Figure 5 , α G /α vG is plotted against the van Genuchten 226 parameter m. The curves in Figure 5 are the results of the predictive models and the 227 symbols are the direct fits. It is apparent that the match between the fitted values and the formulae introduced herein is good. Note that the misfit between the predicted and fitted 
Applications
The most useful application of the Gardner k r -ψ function has been developing analytical 237 and semi-analytical solutions to flow and transport problems. In such quasilinear analy-238 ses, the characteristic quantity α G /2 is a useful measure of macroscopic capillary length 239 [Pullan, 1990] that enters the dimensionless quantity s (sorptive length), a measure of the 240 relative importance of gravity and capillarity in determining flow,
where l is a problem-specific characteristic physical length. This quantity appears in many (20) and (21) small n values, the performance of both the van Genuchten and Gardner models is less 
